We calculate the nucleon self-energies in isospin-asymmetric nuclear matter using QCD sum rules. Taking the difference of these for the neutron and proton enables us to express the potential part of the nuclear symmetry energy in terms of local operators. We find that the scalar (vector) self energy part gives a negative (positive) contribution to the nuclear symmetry energy which is consistent with the results from relativistic mean field theories. Moreover, we find that an important contribution to the negative contribution of the scalar self energy comes from the twist-4 matrix elements, whose leading density dependence can be extracted from deep inelastic scattering experiments. This suggests that the twist-4 contribution partly mimics the exchange of the δ meson and that it constitutes an essential part in the origin of the nuclear symmetry energy from QCD. Our result also extends an early success of QCD sum rule method in understanding the symmetric nuclear matter in terms of QCD variables to the asymmetric nuclear matter case.
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I. INTRODUCTION
There is a renewed interest in the study of nuclear symmetry energy recently, as the next generation lowenergy rare isotope accelerators are being constructed and planned worldwide [1] . Understanding the details of the nuclear symmetry energy is intricately related to understanding a wide range of subjects ranging from rare isotopes to neutron rich nuclear matter such as the neutron star [2, 3] . One of the main puzzle to be solved currently is the behavior of the nuclear symmetry energy at high density [4, 5] .
From a phenomenological point of view, the nuclear symmetry energy can be obtained by looking at the nuclear binding energy within the semi-empirical mass formula in the limit of a large nucleon number [6] . There, the symmetry energy can be understood as originating from the energy difference between the proton and the neutron in isospin asymmetric nuclear matter. Hence, in this picture, the nuclear symmetry energy can be obtained from the nucleon optical potential or by calculating the energy of the nucleon quasi-particle near the Fermi surfaces in asymmetric nuclear matter.
In the Dirac phenomenology of nucleon-nucleus scattering [7, 8] , the optical potential of the nucleon is composed of a vector and scalar part, U ≃ S + V γ 0 . It is well known that in order to fit the spin observable, one needs a strong scalar attraction (Re S < 0) and a strong vector repulsion (Re V > 0) both of several hundred MeV, but such that the combined sum to the energy is only a few tens of MeV, a result consistent with traditional low-energy nuclear physics. The strong scalar and vector potentials appear naturally in the relativistic mean-field theories (RMFT), where meson exchange interactions between nucleons on the Fermi sea produces the strong scalar and vector potentials for the nucleons.
But it was only after the works in QCD sum rules that the strong optical potentials were found to have a basis in QCD. The application of QCD sum rules [9, 10] to the nucleon in the vacuum was developed in Ref. [11, 12] . The first pioneering work of applying the QCD sum rule method to nucleons in medium was performed by Drukarev and Levin [13, 14] . Here, the operator product expansion (OPE) was performed in the light cone direction where −q 2 , q · u → ∞ with their ratio finite, where q µ , u µ are the external momenta and the medium four vector respectively. Later, the relation became clearer through the work by Cohen, Furnstahl and Griegel [15] , who showed that the strong scalar-vector self energy appearing in the quasi nucleon pole in the symmetric nuclear matter can be traced back to the scalar-vector quark condensate in the nuclear medium. The OPE in this work was based on the short distance expansion, where −q 2 → ∞, while qu is held fixed. For the medium at rest, this expansion is equivalent to taking the energy to be large and imaginary at a fixed finite three momentum [16] [17] [18] [19] and, hence, the comparison to the self-energy obtained in the RMFT approaches becomes more direct through the use of the energy dispersion relation. [56] Motivated by these results, and to express and elucidate the origin of nuclear symmetry energy directly from QCD, we have applied the QCD sum rule to calculate the neutron and proton energy in asymmetric nuclear matter. Identifying the difference with appropriate factors to the nuclear symmetry energy, we show that this energy can be expressed in terms of quark and gluon degrees of freedom. Results based on the first formalism to calculate the nucleon mass in asymmetric matter using QCD sum rules were reported before [20] [21] [22] . But here, we will follow the second formalism adopted in Ref. [15] . We have performed the OPE up to dimension-six operators and have identified all the independent twist-4 operators. Independent twist-4 operators and their relation to moments of structure functions appearing in deep inelastic scattering (DIS) were identified before [23, 26? ? -29] . In a later work by one of us [30, 31] , the available experimental data on twist-4 effects were collected to constrain the independent matrix elements. Using this informa-tion, we have calculated the leading density dependence on the nucleon sum rules coming from the twist-4 effects. From the QCD sum rule analysis, we find that the scalar (vector) self energy part gives a negative (positive) contribution to the nuclear symmetry energy, which is consistent with the results from relativistic mean-field theories. Moreover, we find that an important contribution to the negative contribution of the scalar self-energy comes from the twist-4 matrix elements, whose higher-density behavior will determine the still-controversial property of the symmetry energy at these densities. Our result also extends an early success of the QCD sum rule method in understanding the symmetric nuclear matter in terms of QCD operators to the asymmetric nuclear matter case.
The paper is organized as follows. In Sec. II, we start with a brief review and a simple idea for the nuclear symmetry energy. In Sec. III, we develop the QCD sum rule formalism, and discuss the OPE and its matrix elements. The results for the QCD sum rule analysis for the nucleons in asymmetric nuclear matter and the nuclear symmetry energy are presented in Sec. IV. Finally, the conclusion is given in Sec. V.
II. A SIMPLIFIED DESCRIPTION FOR THE NUCLEAR SYMMETRY ENERGY
We start from a finite nuclei with A nucleons. The Bethe-Weizsäker formula for the nuclear binding energy is given as
where I = (N − Z)/A. The fourth term accounts for the total shifted energy due to the neutron number excess. Taking the infinite nuclear matter limit of this formula, one notes that a A reduces to the nuclear symmetry energy [6] . To derive the formula for a A that can be generalized to the infinite nuclear matter, we start from a simple formula for the total energy:
where E n (E p ) is the average neutron (proton) quasiparticle energy in asymmetric nuclear matter. Now, the core of the model is what approximation goes into calculating the average energy. The symmetry energy in asymmetric nuclear matter is defined as
where ρ is the nuclear medium density and I = (N − Z)/A → (ρ n − ρ p )/(ρ n + ρ p ) and the neutron and proton densities are ρ n = 1 2 ρ(1 + I), ρ p = 1 2 ρ(1 − I) respectively. Therefore, in Eq. (2), the symmetry energy will have contributions from the term proportional to I in (E n − E p ) and the term proportional to I 2 in (E n + E p ). For a non interacting Fermi gas of nucleons, each with mass m N , calculating the average nucleon energy will give E = 3 5 E F , where E F is the nucleon Fermi energy. Following the procedure described above and extracting the term proportional to I 2 gives a nuclear symmetry energy of 1 3 E F . Going back to finite nuclei, assuming a 'Fermi well' with constant energy difference ∆ between adjacent nucleon energy levels, the symmetry energy can be obtained from the second term of Eq. (2). That is, using (E n − E p ) = 1 4 IA∆, we have,
For the infinite nuclear matter case, we can calculate
and obtain the nuclear symmetry energy E sym (ρ), as it appears in Eq. (3), by collecting coefficients of I 2 in Eq. (2) . E sym (ρ) can in general be decomposed into the kinetic like part and the potential like part in the mean field type quasi-particle approximation. The kinetic part of E sym can be obtained from the formula given in Ref. [32] ;
where k F is the Fermi momentum and E q,V (I=0) is the potential part of the quasi-nucleon self energy in a symmetric nuclear matter.
A. Linear density approximation
In the present QCD sum rule calculations, we will be using the linear density approximation, because the inmedium condensates in the QCD sum rule can be most reliably estimated to leading order in density. This means that for either the proton or the neutron, the mass will be given as follows:
where m 0 is the vacuum mass and a, b are the constants to be determined later. We then have,
Combining Eq. (8) with Eq. (2), we obtain the symmetry energy. That is, (
which is similar to the relation given in Eq. (4). Therefore, to this order, the symmetry energy comes only from the energy difference in the proton and neutron at the Fermi surface in an asymmetric nuclear matter as given in Eq. (9) . However, when operators have higher density dependence, the factors appearing in Eq. (8) should be modified, and the symmetry energy will have contributions from both the sum and the difference of the nucleon energies.
The quantity of interest,
can be obtained by looking at the pole of the nucleon propagator in nuclear medium:
where |Ψ 0 is the nuclear medium ground state, and ψ(x) is a nucleon field. A relativistic mean-field type of contribution will then appear in the self-energies. The nucleon propagator can be decomposed as
where u µ is the four-velocity of the nuclear medium ground state [16] .
The nucleon self energy can be decomposed similarly as [15] [16] [17] [18] :
In the mean-field approximation Σ s and Σ v are real and momentum independent, and Σ q is negligible. Hence,
The phenomenological representation of the nucleon propagator can then be written as
where λ is unity in this discussion. But if one includes the effect of Σ q , λ 2 = (1 − Σ q ) −1 . E q andĒ q are the positive and negative energy poles, respectively,
With fixed | q|, G(q) depends only on q 0 . One can extract self energy near ∼ E q with analytic properties of the nucleon propagator.
III. QCD SUM RULE AND MATRIX ELEMENTS IN THE ASYMMETRIC NUCLEAR MEDIUM A. Operator Product Expansion and Borel sum rule
To express the self-energies in terms of QCD variables, we start with analyzing the correlation function via the operator product expansion (OPE). The Correlator is defined as
where η(x) is an interpolating current of the nucleon and |Ψ 0 is the ground state of the asymmetric nuclear medium characterized by the rest frame medium density ρ, the medium four-velocity u µ and the asymmetry factor I. |Ψ 0 is assumed to be invariant under parity and time reversal. We will be using the Ioffe nucleon interpolating current given as in Ref. [11, 15] ,
As in the case of the nucleon propagator, using Lorentz covariance, parity and time reversal, one can decompose the correlator into three invariants [16] :
The three invariants are functions of q 2 and qu, while the vacuum invariants depends only on q 2 . For convenience, we set the nuclear medium at rest, which means u µ → (1, 0), and keep | q| fixed. Π i (q 2 , qu) then becomes a function of q 0 only, which means
As mentioned before, we will follow the formalism adopted in Ref. [15] and write the energy dispersion relation for the invariant functions at fixed three-momentum | q|:
The lowest energy contribution to the discontinuity will be saturated by a quasi-nucleon and quasi-hole contribution in the positive and negative energy domain respectively. Their contribution to the spectral density will be given as in Eq. (15) , which will have the following contribution to the invariant functions:
where λ * 2 N is the residue at the quasi-nucleon pole, which accounts for the coupling of the interpolating current to the quasi-nucleon excitation state, and the omitted parts are the contributions from the higher excitation states, which will be accounted for through the continuum contribution after the Borel transformation.
The even and odd parts of the invariant functions are respectively related to the following parts of the discontinuity:
where we have defined the invariants with different superscripts from the following decomposition according the the parity in q 0 :
The OPE of the three invariants of both the even and odd parts can be expressed as
where Ô n ρ,I is the ground state expectation value of the physical operator in the asymmetric nuclear medium; Ψ 0 |Ô n |Ψ 0 ρ,I . We will be adopting the OPE at q 2 → −∞ at finite | q| → fixed; this is equivalent to the limit of q 2 0 → −∞ at finite | q| → fixed. The Wilson coefficients C i n (q 2 , q 0 ) thus can be calculated in QCD at short time [15] .
The OPE of the invariants for the proton interpolating current are given as follows up to dimension-five operators:
.
The quark part and their flavor structure of the above OPE can be obtained by suitable substitutions of the corresponding OPE for the Σ given in Ref. [33] ; by changing q → u, s → d, and neglecting terms proportional to m s .
Moreover, when both u and d quarks are identified to the generic light flavor q, our OPE also reduces to that given in Ref. [18] .
The next task is to identify the nucleon self-energies in the asymmetric nuclear medium. We therefore have to concentrate on the quasi nucleon pole and not on the quasi hole nor the continuum excitations. To this end, we apply the Borel transformation with appropriate weighting function to the dispersion relation [16] and the corresponding differential operator B to the OPE side; details of Borel transformations are given in Appendix E. The Borel transformed invariants which contain the continuum corrections are as follows:
Here, we include the corrections from the anomalous dimensions as
where Γ η (Γ On ) is the anomalous dimension of the interpolating current η (Ô n ), µ is the normalization point of the OPE, and Λ QCD is the QCD scale [16, 18] . Also, the continuum corrections are taken into account through the factors
where s * 0 ≡ ω 2 0 − q 2 , and ω 0 is the energy at the continuum threshold. We choose the continuum to be the same as the vacuum value ω 0 = 1.5 GeV. This assumption will be justified later as the results do not have strong ω 0 dependence.
B. Condensates in the asymmetric nuclear medium
To estimate the matrix elements, we will use the linear density approximation in the asymmetric nuclear matter,
The quark flavor of condensate becomes important in the asymmetric nuclear medium. Consider an operator O u,d composed of either u or d quarks, respectively. Making use of the isospin symmetry relation,
we can convert the neutron expectation value to the proton expectation value, thereby rewriting Eq. (42) for the two-quark operators as follows:
Here, "−" and "+" are for the u and d quark flavors, respectively, and the isospin operators are defined aŝ
Hence, we will convert all the expectation values in terms of the proton counterparts and denote them as p|Ô|p → Ô p , throughout this paper. The next task is to find Ô 0 p and Ô 1 p for all operators appearing in our OPE. 
We will use the baryon masses as given in the Particle Data Group [35] :
For [qq] 0 p , we make use of the nucleon σ N = 45 MeV term,
For convenience, one can introduce the parameter R ± (m q ) defined as
which leads to
Using the previously selected values with the explicit quark mass dependence, we have
so R ± (m q = 5 MeV)) = 1 ± 0.68. Using this parametrization, we can express the u quark or d quark condensates as follows, 
where m π = 138 MeV and f π = 98 MeV [18] . For m q = 5 MeV, we havevac = −(263 MeV) 3 . Likewise, we will further assume that the ratios between the isospin singlet and triplet operators remain the same for all two quark operator expectation values with any number of covariant derivatives inserted:
With this assumption, qD µ1 · · · D µn q ρ,I can be written as
The symmetric and traceless part of the above type of expectation values, constitute the moments of the twist-3 e n (x, µ 2 ) structure function defined as follows [36] :
where {µ 1 · · · µ n } means symmetric and traceless indices. The two-quark twist-3 condensates in our sum rule then can be written as follows:
where the in-medium rest frame u ′ µ ≡ (1, 0) has been taken and the matrix element is estimated as
where one can identify that M 
Since there are no measurements on the twist-3 structure function, we will take the estimate for M 2 N e 2 (µ 2 ) ∼ 0.3 GeV 2 given in Ref. [18, 37] . When spin indices are contracted, the operator becomes
where [g sq σ ·Gq] 0 p is chosen to be 3 GeV 2 as in Ref. [18, 37] .
The simplest condensate of this type is
For this, the ratio u
, and the isospin relation for q † q ρ,I can be written as
which leads to the following matrix elements appearing in the sum rule:
When covariant derivatives are included, one can estimate the two-quark twist-2 condensates from the corresponding parton distribution function,
where
]/2 is the reduced matrix element [38, 39] :
where q(x, µ 2 ) andq(x, µ 2 ) are the distribution functions for quarks and antiquarks in the proton, respectively, and µ 2 is the renormalization scale. For the distribution functions, we used the leading order (LO) parametrization given in Ref. [40] .
Specifically, the spin-2 part can be written as [41] [
where the in-medium rest frame has been taken. The matrix elements for each flavor in [q{γ 0 iD 0 }q] u,d p can be identified as
where [40] .
One can introduce a ratio factor for Ô 1 p as
The spin-3 part can be written as
where the matrix elements for each flavor in
where [40] . Similar to the spin-2 condensate case, one can write Ô 1 p for spin-3 condensate as
3 ) ≃ 0.51, and [q{γ 0 iD 0 iD 0 }q] u,d ρ,I can be written as
Operators with contracted spin indices are
where [g s q † σ·Gq] 0 p is chosen to be −0.33 GeV 2 [18, 37] .
Gluon condensates
As for the gluon operators, because they do not carry quark flavors, the expectation values do not depend on I. These operators can be written as [17, 18] 
where E and B are the color electric and color magnetic fields. For the expectation values of the gluon operators we take; (α s /π)G 2 vac = (0.33 GeV)
2 ) p = 0.325 ± 0.075 GeV, and (α s /π)( E 2 + B 2 ) p = 0.10 ± 0.01 GeV [17] .
C. Dimension 6 four-quark operators
In many previous QCD sum rule studies, dimension-six four-quark condensates are assumed to have the factorized form as .
While large N c arguments can be made to justify factorization in the vacuum, no such argument exists in the medium. For the in-medium case, a renewed approach was developed in which the in-medium four-quark condensates are evaluated within the PCQM [20, 42, 43] . In this method, the vacuum condensates are factorized as in Eq. (83) but in-medium terms are evaluated by including intermediate states that include pion clouds. There are some previous results to calculate the four-quark operators appearing in the nucleon OPE. For example, in Ref. [43] , the expectation values were calculated within the PCQM. Another approach uses a Fierz rearrangement suitable for factorization as in our case [44] . In this study, after using the Fierz transformation as above, for the scalar four-quark operators, we change the four-quark operators to vary from a mild factorized form to a density independent limit that preserves the consistent nucleon sum rule as in Ref. [19] . For the spin-2 fourquark (twist-4) operators, we use a Fierz rearrangement to extract the independent four-quark operators that can be related to higher twist effects in DIS data. Using the following steps, we have classified the four-quark condensates in terms of the independent operators and of different twist.
Twist-4 operators with a single quark flavor
The first type of four-quark operator appearing in the OPE of the nucleon sum rule involves quark operators with the same flavor and is of the color anti triplet diquark times triplet anti diquark form. Using the following Fierz transformation, one can identify the independent four-quark operators in terms of products of quarkantiquark pairs,
where Γ = {I, γ α , iγ α γ 5 , σ αβ , γ 5 } and S µανβ = g µα g νβ + g µβ g αν − g µν g αβ . When quarks of the same flavor combine into a diquark, certain combinations are not allowed due to Fermi statistics. From these conditions, one can extract constraints among four-quark operators that can be used to identify independent operators. Among several conditions, the most suitable constraint for our OPE can be obtained from the zero identity used in Ref. [44] . With the constraint Eq. (B2) in Appendix B, Eq. (84) can be simplified as
The last term in Eq. (85) will be dropped as one should take an expectation value with respect to a parity-even nuclear medium ground state. Then only two types of four-quark operators remain. Each type can be written as
where Γ α = {γ α , iγ α γ 5 } and t A is the generator of SU(3) normalized as Tr[t
Combined with the product of epsilon tensors ǫ abc ǫ a ′ b ′ c = δ bb ′ δ aa ′ − δ ba ′ δ ab ′ , one finds that the second and third term in the right-hand side of Eq. (86) vanish. In the last term, the product of the generators of SU(3) can be simplified using the following identity:
where only the first term in the right-hand side of Eq. (87) survives after multiplying it with the epsilon tensors ǫ abc ǫ a ′ b ′ c . Then Eq. (86) can be simplified as follows
One can take another Fierz rearrangement to (ūΓ α t A u)(ūΓ β t A u) type of operators in Eq. (85). Then one can obtain the following relations when taking the symmetric and traceless parts of the operator relations,
where | s,t means symmetric and traceless. Therefore, only three independent twist-4 (dimension-six spin-2) matrices remain. Using the twist-4 effects in the deep inelastic scattering data on the proton and neutron target, one can, in principle, extract two independent constraints to the three independent matrix elements. To determine all the matrix elements, we will additionally use one constraint adopted by Jaffe [45] : (ūσ α o u)(ūσ oβ u)| s,t = 0.
Twist-4 operators with mixed quark flavor
The second type of four-quark operators appearing in the nucleon sum rule are of the following-mixed-quark flavor operator form:
where we have again used Fierz rearrangement to express the operators in terms of the quark-anti quark type, and have neglected operators that are odd in parity and timereversal symmetry. As in the case with a single quark flavor, the fourquark condensates in Eq. (91) 
Contributions of dimension-six four-quarks to the OPE
In summary, the independent four-quark condensates appearing in our nucleon sum rule are given in Table I . Not all the matrix elements are known.
As for the dimension-six spin-0 (scalar) operators, we will assume the factorized form as ūu 
where f is a parameter introduced in Ref. [18] . Also, dimension-six spin-1 (vector) operator is factorized up to linear density terms as in Ref. [18] .
Dimension-six spin-2 are the twist-4 operators. Th twist-4 operators appearing in the nucleon sum rule have similar structures as those appearing in the higher twist effects in deep inelastic scattering [26, 27] . If the higher twist effects are measured with precision in DIS for the proton and neutron target, the nucleon expectation value of (ūγ α γ 5 t A u)(dγ β γ 5 t A d)| s,t can be estimated with the same precision [30] . With further plausible arguments (Appendix C) on the ratio of u quark and d quark content of the proton such as those used in Eq. (50) The proton expectation value of the deducible twist-4 operators can be parameterized into the following forms:
where 'q 1 ' and 'q 2 ' represent quark flavors. We have extracted the T i s from the matrix elements estimated in Ref. [30] and listed in Table II .
Using the parametrization of the nucleon expectation value of the twist-4 operators together with the linear density approximation given in Eq. (42), the contributions to the correlation function from the four-quark operators can be written as 
where 
Here, we have neglected the scaling of the matrix elements coming from the anomalous dimension of the dimension-six operators Γ On . Although the twist-4 matrix elements are estimated at the separation scale of 5 GeV, and the matrix element we need is at lower energy scale close to the Borel mass, we will neglect the running of the matrix elements through the anomalous dimension for operator Γ On , because the present estimate of the matrix elements already contains ±50% uncertainty. Throughout this paper, we used α s ≃ 0.5 for these twist-4 matrix elements as in Ref. [26, 30] . In principle, the coupling appearing in the twist-4 matrix element should run with the Borel mass. However we neglect such running because within the region of Borel mass 1.0 GeV
and, hence, the difference with what was used is within the uncertainty of the twist-4 matrix element.
IV. RESULTS FOR THE NUCLEON SUM RULE AND THE NUCLEAR SYMMETRY ENERGY
We have expressed the self-energy contributions of the nucleons that contribute to the nucleon energy as Eq. (16) in terms of the Borel transformed OPE as given in Eqs. (35) , (36) , and (37) . The next step is to substitute Eq. (16) to Eq. (8) to extract the symmetry energy as defined in Eq. (3) . There then will be the trivial kinematic correction coming from the three-momentum dependence in the kinetic energy part of Eq. (16) . This term is universal and corresponds to the term in Eq. (6) . Instead of following the full procedure, in this work, we will just concentrate on the contribution coming from the scalar and vector self-energy. This corresponds to calculating the contribution to the nuclear symmetry energy from potentials in effective models.
A. QCD sum rule formula
The quasi nucleon self-energies in the rest frame can be obtained in QCD sum rules by taking the ratios Eq. (35)/Eq. (36) and Eq. (37)/Eq. (36) for both the proton and neutron as follows:
where subscripts q, V (I) are meant to represent the potential part of Eq. (16) in the asymmetric nuclear matter. To discuss different approximations of self-energies in terms of the density and the asymmetric factor, we introduce the following symbols N
where the superscripts n and p represent either the neutron or the proton, respectively. For the pair of subscripts (ρ m , I l ), the first index represents the order of the density, while the second index represents the isospin. Due to isospin symmetry, the isoscalar terms have the following relations:
where l is the integer for the order of the isospin. All these terms are summarized in Appendix D.
Because the dominant term of
, one can expand the denominator in terms of (1/D n,p (ρ 0 ,I 0 ) ) times condensate. After rewriting this with powers of ρ and I, one can express the potential part of a single nucleon energy as
are written in terms of N n,p (ρ) and D n,p (ρ). Averaging Eq. (108) as Eq. (8) and collecting terms of I 2 from Eq. (2), one can extract E sym V (ρ) as follows:
For terms linear in density, one can see that the first term in the upper bracket of Eq. (109) corresponds to the form given in Eq. (9) . The explicit expression in terms of
valid to leading order in density.
When higher density dependence of the condensates is calculated, Eq. (109) provides a systematic expression of E sym V (ρ) that includes higher ρ n≥2 terms.
B. Sum rule analysis
In principle, a physical quantity extracted from the QCD sum rule should not depend on the Borel parameter M 2 . However, since we truncate the OPE at finite mass dimension, such a physical quantity should be obtained within a reliable range of M 2 (Borel window) with "plateau". While we do not find the most stable a "plateau" with an extremum in the appropriate Borel window, one finds that the results have only a weak dependence on M 2 . The well accepted Borel window for the nucleon sum rule is 0.8 GeV 2 ≤ M 2 ≤ 1.4 GeV 2 [46] . But as our sum rule contains the newly added twist-4 four-quark operators, the Borel window needs to be re-examined. We determine the upper Borel window by requiring that the quasi nucleon contribution is more than 50% of the total sum rule so the continuum contribution is less than 50%. As for the lower limit, for the same OPE, we restrict the contribution from the highest mass dimension operator to be less than 50% of the total contribution. For the quasi nucleon energy in medium rest frame, we applied this prescription to the right-hand side of Eqs. (35) , (36) , and (37).
The Borel curves for the three invariants [Eqs. (35) , (36) , and (37)] are plotted in Fig. 1 . Here, all the graphs are obtained with the T i s using the K 1 u = K 1 ud (β + 1)/β estimates from the first set of Table II . From Fig. 1(a) , one can get acceptable Borel windows forB[Π s (q (37)]. However, in Fig. 1(b) ,B[Π q (q 2 0 , | q|)] do not provide an acceptable Borel window. While the usual Borel window is obtained by requiring that the power and continuum corrections are both less than 50% of the total OPE, we will loosen the condition to be less than 75% in this case.
This large power correction may be caused by an overestimated [qq] 0 2 vac . As mentioned in the previous section, all the vacuum expectation values of four-quark operators are factorized as in Eq. (92). Only large N c supports factorization in the vacuum. Hence, the generalization to the nuclear medium can be only an order of magnitude estimate with large uncertainty. For example, as one can see in Fig. 1(b) , the lower and upper boundaries fromB[Π q (q ud can be determined well, we can discuss about the stability of our sum rule in a more reliable way. The second set of T i s from Table II do not produce any acceptable Borel window. In conclusion, we will use the results from the following Borel window:
In the analysis to follow, for the symmetric nuclear matter case, we will denote the twist-4 condensates contribution to the quasi nucleon self-energy as Σ T and the total quasi nucleon self-energy in the rest frame as E q,V (I=0) . For the asymmetric nuclear matter case, we will use two sum rules for E sym V : one that includes contributions up to order ρ terms and another one up to ρ 2 . The former sum rule will be called the linear ρ sum rule (E sym V,ρ ) and the latter the ρ 2 sum rule (E sym V,ρ 2 ). As for the value for the anti nucleon pole, an optimal "in-medium" value ranged −0.2 GeV ≤Ē q ≤ −0.4 GeV will be used for each different estimation of twist-4 matrix elements in the sum rule for the quasi nucleon self-energy, while the "bare" valueĒ q = −M N will be used in the sum rule for the nuclear symmetry energy. This is so because the quasi hole contribution in the nuclear symmetry energy comes with a term proportional to the density [Eq. (8)]. Nuclear matter density ρ is set at the saturation density ρ 0 = 0.16 fm −3 and the corresponding quasi nucleon three-momentum | q| is taken to be 270 MeV, the Fermi momentum of a normal nucleus (ρ 0 = 0.16 fm −3 ). The Table II. light quark (u, d quark) mass m q is taken to be 5 MeV.
As for the density dependence of dimension-six spin-0 condensates, different f values are used for every estimation of twist-4 matrix elements. For the first set of Table II 
. This parameter set of f 's are chosen to satisfy the self consistency constraint as given in Eq. (17) for the quasi hole value. Again, the second set in Table II does not provide a set of f 's which satisfies the constraint of Eq. (17) . A detailed discussion for related parameters (f andĒ q ) will be given in a later section.
Symmetric nuclear matter
First, we investigate the quasi nucleon self-energies in the symmetric nuclear matter with twist-4 condensates. Throughout the analysis, we check the result against the I = 0 case. In Fig. 2 , we plot the ratio to the nucleon mass in a vacuum of the in-medium scalar self-energy (M * N /M N ), the vector self-energy (Σ v /M N ), the twist-4 condensate contribution (Σ T /M N ), and the potential part of the total quasi nucleon self-energy in the rest frame [E q,V (I=0) /M N ]. For the twist-4 matrix elements, we take K [15] [16] [17] . When the second set of Table II is used for the twist-4 matrix elements, we do not find a stable behavior in the same Borel window in contrast to the case with the first set as shown previously. By setting f > 0 for the second set, E q,V (I=0) /M N can be adjusted to ∼ 0.9 which is a typically acceptable value. But even so, there is no reasonable f andĒ q for M * N /M N and Σ v /M N which satisfies Eq. (17). The estimates for T i s given in the second set of Table II do not reproduce the aspect of the nucleon sum rule that is consistent with the Dirac Phenomenology [15] . Hence, we will continue the present analysis with estimates for T i s given by the the first set in Table II .
The quasi nucleon three-momentum dependence is plotted in Fig. 3(a) GeV as in Ref. [18] . So this sum rule analysis works in the 0 ≤ | q| ≤ 0.5 GeV region, which is consistent with our phenomenological ansatz that assumes a momentumindependent self-energy.
As all the condensates in our nucleon sum rule are estimated to linear order in density, the results may be valid at least near the nuclear saturation density region. In Fig. 3(b) , the density dependence of the quasi nucleon self-energies is plotted for 0.4 ≤ ρ/ρ 0 ≤ 1.6. Here we used the parameter set f = −0.12 andĒ q = −0.30 GeV determined at the saturation density, as our nucleon sum rule do not depend strongly onĒ q as long as it is varied within −0.6 GeV ≤Ē q ≤ −0.3 GeV which covers the naive estimates forĒ q when 0.4 ≤ ρ/ρ 0 ≤ 1.6. One also notes that the magnitude of both Σ v /M N and Σ T /M N increases with density while M * N /M N reduces.
Asymmetric nuclear matter
In our sum rule, the nuclear bulk properties in the asymmetric nuclear matter are parameterized by the asymmetry factor I. If one plots the quasi nucleon selfenergy as a function of I to leading order in density, E sym V,ρ can be obtained from the difference between the slopes of the quasi neutron and the quasi proton [Eq. (110)]. E sym V,ρ is plotted in Fig. 4 . One finds that E sym V,ρ ranges from 15 to 80 MeV, which agrees with previous studies in order of magnitude. The results in the figure also show that including the twist-4 contribution slightly enhances the nuclear symmetry energy.
In Fig. 4(b) , one finds that E sym V,ρ do not depend strongly on the quasi nucleon three-momentum up to 0.5 GeV. This result agrees with the quasi nucleon threemomentum dependence of the quasi nucleon self-energy. When the second set of Table II is used for the T i s, we find that E sym V,ρ depends strongly on the quasi nucleon three-momentum compared to the case when the first set is used.
One can also work out E self-energy part of E sym V . In Fig. 6(a) , we plot the result without the twist-4 contribution, while in Fig. 6(b) , we include the contribution from twist-4 matrix elements. While both the scalar and vector self-energy give weak contribution to the self-energy in Fig. 6(a one finds that in Fig. 6(b) , the scalar and vector give enhanced negative and positive contributions, respectively. The result shown in Fig. 6(b) is consistent with the general trends in RMFT results [47] , which show that the scalar self energy part gives a negative contribution and the vector self-energy part gives a positive contribution from the exchange of δ and ρ meson exchanges, respectively. One can infer from this result that the twist-4 contribution mimics the exchange of the δ and ρ meson and that it constitutes an essential part in the origin of the nuclear symmetry energy from QCD.
Uncertainties
In general, there are two quark-gluon mixed operators with contracted spin indices, [ [17, 18] .
In our analysis, we fixed the σ term to be σ N = 45 MeV. In Fig. 8(a) we show that changing this number from 30 MeV ≤ σ N ≤ 70 MeV changes E sym V,ρ by less than 5%. Also, in principle, the density dependence of the operators could also induce changes in the continuum. To investigate this possibility, we have allowed the continuum to vary 1.4 GeV ≤ ω 0 ≤ 1.6 GeV. As can be seen in the three lines in Fig. 8(b) , the change in the symmetry energy is less than 10%. This suggest that reasonable density dependence will not appreciably modify the current result.
Comparison with the result from PCQM
As mentioned in the Introduction, there were early studies about nucleon sum rule in the asymmetric nuclear matter using the first approach [20, 21, 43] . In comparison with this study, the two main differences are the followings. First, in Refs. [20, 21, 43] ,the OPE expansion was performed in the light cone direction and the q 2 dispersion relation was used. On the other hand, in this work, the OPE is a short distance expansion and the energy dispersion relation is used; consequently, the OPE totally differs. Second, in Refs. [20, 21, 43] [qq] 1 p is obtained from PCQM [20, 49] while we calculate [qq] 1 p from the leading chiral expansion [34, 50] . Because the OPEs totally differ, it is impossible to compare both results term by term in terms of the QCD condensates, but here we can compare the final results in E sym V,ρ . From a phenomenological aspect, Refs. [20, 21] give values for the nuclear symmetry energy, E sym V + E sym K = 29 MeV, which almost agrees with the phenomenological estimates. As one can check in Fig. 9 , using the same values for [qq] 1 p = 1 2 ζ N as estimated from the PCQM [49] , we find E sym V,ρ ∼ 80 MeV, there is no significant change. However, in our approach, we find interesting similarities with the main results from RMFT [47] , namely strong vector repulsion and scalar attraction.
V. CONCLUSION
In this paper we studied the nuclear bulk properties in asymmetric nuclear matter by calculating the quasi nucleon self-energies with QCD sum rule approach. In particular, we identified all the twist-4 local condensates appearing in the nucleon sum rule. Using the existing estimates for the twist-4 matrix element from DIS, we were able to find the magnitudes of all the twist-4 matrix elements (T i ) in our sum rule except for two mixed-quarkflavor-type condensates. We have calculated the nuclear symmetry energy and found that twist-4 contributions are non-negligible and essential to give a phenomenologically consistent result with RMFT for the quasi nucleon self-energy and the nuclear symmetry energy.
For the symmetric nuclear matter case, we found that E q,V (I=0) is enhanced by ∼ 50 MeV with T i s in the first set of Table II . Because the T i s in the first set of Table II  provides qualitatively reliable sum rule results while T i s in the second set of Table II do not, we conclude that taking the sum rule results with T i s in the first set is the reasonable choice. With parameter set f < 0, dimensionsix spin-0 (scalar) operators reduces E q,V (I=0) /M N to ∼ 0.87.
For the asymmetric nuclear matter case, we confirmed two meaningful facts. First, the QCD sum rule technique can be used to successfully reproduce the acceptable result for the nuclear symmetry energy at the nuclear matter density. Second, dimension-six spin-2 (twist-4) condensates play important roles in making the scalar part contribute negatively to the self-energy and, thus, providing a consistent picture for the E sym with the RMFT results [47] ,
where f ρ is the isovector ρ meson coupling, f δ the isoscalar δ (f 0 ) coupling and ρ B the nuclear matter density. Moreover, our approach provides a first attempt to understanding the origin of E sym V,ρ in terms of local operators directly from QCD. This extends the analogy between QCD sum rules to RMFT for the symmetric nuclear matter established in Refs. [15, 17, 18] to the asymmetric limit.
While the uncertainties in T i s and in the four-quark scalar operators with the f parametrization are still large, attempts to measure the twist-4 contribution in DIS at the future upgrade at Jefferson Lab is expected to lower the uncertainties and provide more insights to the value for the nuclear expectation value of the fourquark operators.
